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Geometric effects on convective coupling and interfacial structures in bilayer convection
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The effects of boundaries on bilayer convection in a cylinder with idealized boundary conditions are studied.
Using as examples two bilayer systems, a plot of the Rayleigh nhumber versus aspegadatis-height is
calculated. For certain systems, the type of convection coupling, either thermal or viscous, will change as the
width of the container changes, even as the height is fixed. Additionally, the interfacial structure is calculated
to help identify the driving force for the convection. Sudden changes in the convection coupling and the
dominant driving force of convection are found as the container radius increased. The oscillatory onset of
convection and the possibility of oscillating nonlinear dynamics are also iden{i88063-651X97)03611-§

PACS numbd(s): 47.27.Te

I. INTRODUCTION small fluid depths, interfacial tension-driven convectibta-
rangoni convectiondominates. However, for deeper fluid

Bilayer convection is an interesting transport process tqayers buoyancy-driven convectioiRayleigh convection

study for reasons both theoretical and applied. Theoretica"ydominates
bilayer convection is full of nonlinear dynaml_cs with a wide In order to distinguish the various convective mecha-
range of parameters to stuly]. Some of the important ap- nisms, phrases such as “convection initiating in one layer or
plications of bilayer convection are as a model for convec—nother” are introduced. Clearly, in a mathematical sense,
tion in the earth’s mantlg2] and liquid-encapsulated crystal there is only a single condition for the onset of convection,
growth. and this onset must occur simultaneously in both layers. The
In liquid-encapsulated crystal growth, the desired liquid tonotion of convection “initiating” in one layer or another is
be solidified is placed ina cylindrical crucible. Another Iayer ultimately a physical one, and is perhaps best explained
of liquid, called an encapsulant, is placed on top of the lowegualitatively. To understand this statement in the context of
liquid, and this arrangement has a layer of inert gas placedonvection with liquid bilayers, it is simpler to consider only
on top of it. To solidify the lower liquid, the bottom of the Rayleigh convection, and therefore assume that the Ma-
cylinder is cooled, creating a temperature difference acrossangoni effect is absent unless otherwise noted. Convection
the three fluid layers. This temperature difference theris said to initiate in one of the layers of a bilayer system, say
causes convection in the fluid layers by interfacial tensiorthe lower one, when the motion in that layer is dominant at
gradient and/or buoyancy forces. Convection is important irthe onset. Moreover, the onset of flow in the “initiating”
crystal growth as it will affect the quality of the crystal struc- layer is more or less independent of the adjacent layer that
ture and the distribution of dopants in the crystal. As theplays the role of a passive medium conducting heat away,
lower liquid solidifies, the aspect ratio and the ratio of theand often responds by being dragged by the active layer. The
fluid depths will continuously change. magnitude of the velocities in the responding layer is usually
When the aspect ratio of a convecting fluid changes, difmuch smaller than in the active layer in which convection is
ferent flow patterns will occur at the onset of convect{idh initiated.
When the ratio of the fluid depth@pper depth divided by To understand the various convective mechanisms, con-
the lower depth changes, the driving force for convection, sider Fig. 1. Suppose that convection initiates in the lower
and the type of convection, can change. For example, itayer. The upper layer responds by being dragged, generating
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FIG. 1. Schematic of the different types of convection coupling. From the lower dragging mode to the upper dragging mode, the
buoyancy force in the upper layer is increased and the dragging exerted by the lower layer decreases. Pure thermal coupling with surface-
driven flow is caused by the upper fluid buoyantly convecting and simultaneously inducing surface tension- or buoyancy-driven convection
in the lower layer, near the interface.
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counter-rotating rolls near the interface. Hot fluid flows up in
the lower layer and down in the upper layer. The upper laye 1 1
is not buoyant enough, and moves by a combination of vis ﬁ 1
cous drag and the Marangoni effect, whenever the latter i m M
present. This is seen in Fig(d. When the depth of the
upper layer increases, so also does the effect of buoyancy ¢
it. One of two things can happen. The first possibility is that
both layers become “viscously coupled.” Buoyancy effects I ﬁ
become comparable in both layers at convective onset, ar w
the rolls counter-rotate in the two fluids, as depicted in Fig.
1(b). However, this is not all. The interface becomes an iso-
therm, and consequently the temperature perturbations on the
base state switch sign there. This creates a “zero perturbed FIG. 2. The four possible interfacial structures at a fluid-fluid
isotherm” immediately after onset of flow from the quies- interface. Each structure can give information about the driving
cent base state. This is the only way that hot fluid can rise irforce of the convection.
both layers near the interface. If the zero-perturbed isotherm
were to occur in the domain in either layer, but close to thefacial tension increases with an increase in temperature, the
interface, one can then say that both fluids are “nearly visfluid flow direction in each layer will be the same as the
cously coupled.” For example, when the zero-perturbed isoupper dragging mode. In this situation, it may be difficult to
therm occurs in the lower layer near the interface, it simplydetermine which is the predominant driving force for flow in
means that buoyancy-driven convection is slightly morethe lower layer. In fact, the two mechanisms would reinforce
dominant in the upper layer with some buoyancy-driven conone another. However, when the upper fluid is a gas, then
vection in the lower layer. In fact, Marangoni convection, natural convection in the gas layer will not generate enough
whenever present, discourages this mode of operadgn shear to give the upper dragging mode at the onset of con-
provided the interfacial tension decreases as temperature imection.
creases. The second possibility is “thermal coupling,” Another indicator of what is occurring in bilayer convec-
where the rolls are corotating. Here hot, rising fluid from thetion can be inferred from the fluid-fluid interface instead of
lower layer causes hot fluid to flow up in the upper layer.the bulk convection. In the paper by Zhaoal. [6], four
The vertical component of velocity and the temperature perdifferent interfacial structures were identified for any given
turbations have the same sign in each fluid layer near theonvecting bilayer with a deflecting interface. Each of these
interface. Strictly speaking, the transverse components of vestructures depends upon whether fluid was flowing into or
locity should be zero at the interface, although thermal couaway from the trough or the crest, and whether the fluid was
pling is sometimes loosely referred to as the case when hotter or cooler at the trough or the crest of the interface. Hot
small roll develops in one of the layers in order to satisfy thefluid flowing into a trough defines the first interfacial struc-
no-slip condition at the interface. ture. The second interfacial structure has hot fluid flowing
As the buoyancy continues to increase in the upper layeinto a crest. The third structure has hot fluid flowing away
convection initiates in only the upper layer, and the lowerfrom a crest and the fourth structure has hot fluid flowing
layer is viscously draggefFig. 1(d)]. The last figurdFig. = away from a trough. Each of these four scenarios is given in
1(e)] is an example of what may be called “pure thermal Fig. 2.
coupling with surface-driven flow.” This typically occurs in One of the important factors to consider in interfacial
a liquid-gas system, where buoyancy initiates in the uppestructures is the direction of the flow along the interface. As
gas layer, simultaneously sending thermal signature to thiterfacial tension is usually inversely proportional to tem-
interface and generating either Marangoni or buoyancy conperature, at cooler regions of the interface, the interfacial
vection in the lower layel5]. Note that the convection in the tension will be higher and will pull on the interface. Where
lower layer is now generated purely by horizontal temperathe interface is hotter, the interfacial tension will be lower
ture gradients at the interface and not by viscous drag.  causing the fluid to move away from warmer regions. An-
To determine each of the five convection-coupling modeother important factor is the direction of the flow into or
experimentally, it would be necessary to monitor both theaway from a crest or a trough. One reason the interface de-
fluid direction and the isotherms of both fluid layers. Thisflects is due to bulk convection, caused by buoyancy effects
can be done using, for example, particle tracers to monitopushing against the interface. Consider two fluids whose dy-
the fluid flow and interferometry to measure the isothermsnamic viscosities are equal. If buoyancy-driven convection
Both of these methods are needed, for example, to distireccurs mostly in the lower layer, then the fluid will flow up
guish between the lower dragging flow and the viscouslyfrom the lower layer into a crest. If the fluid flows down
coupled flow. The flow direction in each layer is the same, sdrom the top layer into a trough, then one would argue that
particle tracking on its own could not distinguish the flow. buoyancy-driven convection occurs mostly in the upper
However, the isotherms between the two cases are differerfiuid. The second reason an interface deflects is due to the
That is, hot upper layer fluid flows downward in the lower pushing and pulling caused by variations in the interfacial
dragging mode, and cold upper layer fluid flows downwardtension.
in the viscously coupled flow. To distinguish between the In each of the four cases, the interfacial structure can be
upper dragging mode and the surface-driven convection, ongsed to indicate the driving force of the convection. In the
could look at the fluid flow direction. For fluids whose inter- first interfacial structure, the dominating driving force is in-
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TABLE I. Table of dimensionless numbers. ture is scaled with respect to the temperature difference
_ across the lower liquid layer.
Name Symbol Equation The equations used in the Ferm and Wollkind model are
8 ouTiny, e I Sadsate Boussiess squatons A inear s
Marangoni number Ma o AT dq T qpq y y 4 yp d )

Each state variabld is expanded in a perturbation series in

Pr.andtllnumber Pr valKy g, a quantity that represents the magnitude of convection.
Crispation number c pak1loods The perturbation series takes the form

Weber number G (p1—p2)gdi/og

Ratio of thermal expansions a ayla, A=A 4+ g Alll 4 o220 .00

Ratio of fluid depths | d,/d;

Ratio of thermal conductivities k ko /Ky where Altl=dA/de[,_o and A is the quiescent, conduc-
Ratio of thermal diffusivities P P tive state with a flat interface. The interface positiar, 7,
Ratio of densities p p21py is clearly a function of, and at the interface

Ratio of dynamic viscosities " Mol g A

A[l]: A(l) +
0z M1

terfacial tension-driven convection. This is seen as the colgv (1)_

: X . , X . . . here A=
fluid, with the higher interfacial tension pulling the interfa- main variable All= A EFurther expansion into normal
cial fluid into the crest. In the second interfacial structure, . ' ' P

! S modes yields

buoyancy drives convection in the lower phase. The hot,
rising fluid pushes the interface upwards. As the fluid moves A(l)(z):A_(Z)ei wxgat
along the interface, it cools and eventually sinks back down. '
The third interfacial structure is dominated by buoyancy- Using the above witlg=0, the quantities with the over-
driven convection in the upper phase, or by interfacialbars are dropped. The domain equations in the lower phase
tension-driven convection where the interfacial tension in-are
creases with respect to temperature. The fourth interfacial

Al dg|,—o and n1=3anlde|,—o. If A is a do-

structure occurs in the rare instance where the lower fluid has DW;+iwU;=0,
a positive thermal-expansion coefficient. In other words, the s . B
density increases with an increase in the temperature, caus- (D= 09U ~iwll; =0, (1)

ing the cooler, lower fluid to flow up into a crest. The paper
by Zhaoet al.gives more details of each interfacial structure.
In Sec. Il, the mathematical model used to describe bi-
layer convection in a laterally unbounded geometry is given.
The connection between the results obtained in such a geom- The first of these equations is obtained from continuity,
etry and to those in a bounded circular cylinder with restric\while the next two equations are a result of linearizing the
tive boundary conditions is made. This section is then fol-momentum equation and the last equation is the energy equa-

lowed by a detailed discussion of the observations with anjon. Likewise, the domain equations in the upper phase are
explanation of the physics of multilayer convection as a

(D?- w?)W,—DII;+Ra®,;=0,

(DZ_ (1)2)®1+le0.

function of the aspect ratio. DW,+iwU,=0,
s iw
Il. MODEL ;(DZ—wZ)UZ—FHZ:O,
The mathematical model used to study and determine 1 @
each of these systems is found in the paper by Ferm and T Y NV " _
Wollkind [7]. In this model, a system of two fluid layers is p (D7~ 0T)W, p DITz+a RaO,=0,

bounded on the top of the upper fluid, and the bottom of the
lower fluid by rigid, conducting plates; see Fig. 3. The inter-
face between the lower and upper fluid is allowed to deflect.
The model is bounded in the vertical direction by rigid
plates, and is infinite in the horizontal direction. The density The 13 boundary conditions are
and interfacial tension for both fluids are assumed to be a WoeW.—0 at z=0
linear function of the temperature. The symhslwill be 2= Wi =0 atz=u,
used for interfacial tension and its variation with respect to
temperature isrq= —00/&T|Tref, evaluated at the reference

temperature. The length, velocity, time, and pressure are

scaled withd,, «,/d;, d?/«;, andux,/d?, respectively, =11+
where,d, «;, andu, are the depth, thermal diffusivity, and

dynamic viscosity of the lower fluid. Additional parameters (D?+ 0?)W;— u(D?+ 0?)W,=w? Ma(7,— 0,)
are listed in Table I. Here, the subscript 1 denotes the lower

fluid. A subscript 2 will denote the upper fluid. The tempera- atz=0,

1

k(D?—w?)@,+ K

W2:0.

DW,=DW,; at z=0,

wZ
) 7 +2(DW;— uDW,)=0 at z=0,

C
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In a technique exemplified by the papers of Rosenblat and
co-workers[9-11], the Rayleigh number versus wave num-
ber plot can be “unfolded” into a Rayleigh number versus
aspect ratio plot. The way this process works is by assuming
that the container, in which the two fluids reside, has peculiar
boundary conditions. For a cylinder, these boundary condi-
tions are insulating sidewalls, and vanishing vertical and tan-
gential components of vorticity. For a rectangular geometry,
the boundary conditions are stress-free and insulating side-
walls. However, in this paper only cylindrical geometries
will be considered. When these boundary conditions are as-
sumed for a three-dimensional cylindrical geometry, a sepa-
ration of variables technique can be used to solve for the
independent variablea;, W,, 0., @,, II;, andII,,

liquid 1

FIG. 3. Schematic of the bilayer model.

kD®,=D0O,; atz=0

where
0,=0,+7,(1-1k) at z=0, W, =W,(2)J (A n.nF)COSMA),
DW;=W;=0,=0 atz=-1, 0,=0{(2)In(Amr)cogme) for i=1,2 (4)
DW,=W,=0,=0 at z=I, 3 m=0,1,2 ... is theazimuthal wave numben=0,1,2 ...

is the radial wave number, and,(Ap, r) are the Bessel
where D=d/dz. A table of all dimensionless numbers is functions. The valuex,, ,=s, ,/ v is determined from the
given in Table I. requirement thad; (A, ,y) =0, wheres,, , are the zeros of
The dependent variables in each phase \&efor the  the derivative of the Bessel's function, andis the aspect
vertical component of velocity®; for the temperaturell; ratio. It can be shown that the functioMd;(z), W,(2),
for the pressure, andy; for the surface deflection term. In ©4(2), ©,(2), 11,(z), andII,(z) are the same functions
further calculations, the horizontal components of velocity insolved in the unbounded model. Therefore, the simpler un-
both fluid layers are eliminated by substituting the equatiorbounded model can be used to find qualitative features of the
of continuity. flow field in a cylinder. Upon further observation, a relation-
A Chebyshev spectral tau methp8] was used to solve ship between the wave numberand the aspect ratig is
the system of equatior(¢)—(3). This method easily incorpo- found to be
rates the complicated boundary conditions and provides the
accuracy needed using only a few number of terms. After _ Sm;n
applying this spectral method, the ordinary differential equa- YT )
tions reduce to an eigenvalue problem. The eigenvalue is the
Rayleigh number. Each Rayleigh number can be solved for @herefore, for each wave number at a given azimuthal and
range of wave numbers. The result is a plot of the Ray- radial mode, there is a corresponding aspect ratid;This
leigh number versus the wave number, shown in Fig. 4.  will be shown in Fig. 7).
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FIG. 4. Plot of the Rayleigh number of silicone oil vs the wave number for various air heights. As the air height increases, the critical

wave number decreases.
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TABLE Il. Possible combinations of the ratio of the temperature  TABLE Ill. Thermophysical properties of the two bilayer sys-
perturbations to surface deflection, and the ratio of the derivative ofems used in the calculation&) silicone oil and air, and2) glyc-
the vertical component of velocity to the surface deflections. Theerol and silicone oil.
four different combinations predict different behavior in the bulk

fluid. Bilayer system 1 Bilayer system 2
1 Silicone
®[1 ©)1n DW.(0)/ Property(units) Silicone oil Air Glycerol ol
Case | negative positive pi (glen?) 0.968 0.0012 1.26 0.97
Case |l positive negative a; (104 °C™Y 9.6 33.3 4.9 9.45
Case Il positive positive k; (10"* erg/lcm s °C) 1.59 0.262 2.94 1.6
Case IV negative negative Kk (1072 crréls) 1.10 182 0.89 1.16
v; (Stokeg 0.692 0.157 7.45 4.99
o (dyn/cm) 20.9 25
To determine whether the bilayer convection is thermally;. (dyn/cm °C) 0.05 ~0.13

or viscously coupled, one need only look at the vertical com
ponent of velocity and the temperature profi[és12]. To ) ) ) N
find out which interfacial structure is present, two different (Fi9- 4. For small air heights0.01 mm) the critical wave

ratios need to be calculated. The first ratio is the perturbe§UMPer is 2.55, and gradually decreases as the air height
temperature evaluated at the interfa@81(0), divided by increases. For example, the critical wave number for a 3-mm

the interfacial deflectiory;. The second ratio is the deriva- air height is 2.00. The critical wave number is the value of
. . 1 . X the wave number at the minimum of the Rayleigh number
tive of the velocity evaluatec_i at the |nt(_arfa®yv1(0), d'.'. versus the wave-number curve, for a fixed air height. At an
vided by the surface deflection. If the first ratio is positive, 4;; height greater than 5 mm, the critical wave number dras-

then the fluid must be warmer at a crest. If the second ratio iica|ly shifts to lower values. This occurs due to the domi-
positive, then the fluid must flow away from a crest; seenant convection in the air layer. As the air height increases,
Table II. The perturbed temperatuég!! at z=0 is actually  the buoyancy effect in the air layer increases, and eventually
0W+ 2, and so the first ratio is@,+ 7,)/7;, where the becomes greater than the buoyancy effect in the silicone oil.
superscripi(1) is dropped, and the subscript, 1 refers to the Before the effect of the aspect ratio on the convection
lower phase, and gives the values of each ratio for each ahechanism is explained, it would be instructive to make ad-
the four possible interfacial structures. ditional comments on these mechanisms. To do this effi-
ciently, consider Fig. 1. As noted earlier, Figalis the
situation where the convection is dominant in the lower
layer, and the upper layer responds by being dragged. An
In this section, the convection-coupling mechanism andgXample of this is shown in Fig.(8 for the silicone oil-air
the interfacial structure will be studied for two different bi- system. Observe that the sign of the velocity switches from
layer systems. In each case, the fluid depths are changed e lower to upper layer, and that the maximum of the lower
observe different interfacial structures or differentlayer velocity is generally much greater than the maximum
convection-coupling mechanisms near the minimum of thedf the upper layer velocity in magnitude. The corresponding
Rayleigh number versus wave number plots. When this ocsituation in Fig. 1b) is depicted in Fig. &). Here the mag-
curs and the plot is subsequently unfolded, the interfaciahitudes of the lower and upper velocities are of comparable
structure and the convection-coupling mechanism willorder, and the velocity and the temperature change sign from
change as the aspect ratio of the container increases. Becade lower to upper layers. Additionally, hot fluid flowing up
of the large number of dimensionless groufsble ) the  toward the interface in the lower layer is combined with hot
main ideas in this paper are exemplified by calculations foffluid flowing down in the upper layer at the interface. This
two bilayer systems. These are the silicone oil-air system andppears to contradict our view taken earlier that the upper
the glycerol-silicone oil system. Their properties are showrfluid is also buoyant. On further inspection of the numbers
in Table I1l. Note the different signs of the interfacial tension that generate the temperature perturbation plot, an isotherm
gradiento; in each of the bilayer systems. 0(2)=0 is observed in the domain of the upper fluid very
near the interface and to the right of the vertical dotted line,
which represents the unperturbed interface. In other words,
hot fluid does flow up in the upper layer but not at the inter-
The first system considered is the popular silicone oil andace. Here the bilayer is nearly viscously coupled.
air system. As was noted in RdE], when the air layer is Figure Xc) can be nearly depicted by Fig(cd. Observe
large, convection initiates in the air. This convection thenthat the velocities in both the upper and lower layers show
creates a temperature difference across the liquid interfacepmparable minima, and a small counter-roll has developed
simultaneously causing interfacial tension-induced convecin the air layer to preserve the no-slip condition between the
tion. Continuing this reasoning, various depths of silicone oilfluids. It is possible to obtain a situation where no counter-
and air were considered where convection is equally likely taoll develops in the upper layer. In this situation, this would
initiate in either the lower or the upper layer. be called pure thermal coupling, as no motion in either layer
As an example, a depth of 2 mm of silicone oil, for a is generated by viscous drag. In other words, it is possible to
variety of air heights, was chosen. For each air height, a plodbtain a structure where the fluid depths are such that the
of the Rayleigh number versus wave number was calculatethermal coupling in perfect, corotating rolls are obtained. In

[ll. DISCUSSION

Changes in convection coupling
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FIG. 5. Plots of the vertical component of velocitgp row) and the temperature perturbatigbsttom row. (a) 2 mm of silicone oil and
5 mm of air,w=2.0. (b) 4.15 cm of glycerol and 3 cm of silicone oib=3.8.(c) 2 mm of silicone oil and 5 mm of aiw=1.9. (d) 4.15
cm of glycerol and 7 cm of silicone oily=3.8. In(e), 2 mm of silicone oil and 6 mm of aiy=1.0. Calculations were done for a laterally
unbounded geometry. The vertical dotted line represents the unperturbed interface position.

such a situation, the transverse components of velocity pegir. For a larger wave number @=2.7, Fig. §b) shows
turbations at the interface are zero. This can be seen later imostly dragging of the air by the silicone oil. This feature is
this paper with liquid bilayerfsee Fig. 11a) as an example  most enhanced after the plots are unfolded.

Fig. 1(d) cannot be depicted in a silicone oil-air system, be- The next step is to unfold Fig. 4 using E&). The result
cause the air does not drag the silicone oil due to the vers shown in Fig. 7, for various azimuthal and radial modes.
small ratio of dynamic viscosities. However, the calculationsEach azimuthal and radial mode determines a different flow
using glycerol-silicone oil system show this dragging effectpattern at the onset of convection. The same plots in Fig. 6
well [Fig. 5(d)]. This situation is qualitatively the reverse of now represent the vertical component of velocity for various
Fig. 5@). The last convection mechanism, Fige)l is seen aspect ratios. For example, the wave number of 2.7 converts
in calculations using silicone oil-a[fFig. 5(€)]. Notice that to an aspect ratio of 0.68 for the unicellulam€1n=1)
within the scale of the plot, the lower velocity is nearly zero.flow. The wave number of 1.9 converts to an aspect ratio of
A closer look at the actual numbers indicates that the veloci.6 for a bimodal flow patternng=2,n=1).

ity in the lower fluid has the same sign as the velocity in the What does this exercise explain? It shows that for cylin-
upper fluid, and is less than 1% of the maximum velocity inders (as well as rectangular geometjiesghe type of

the upper fluid. convection-coupling mechanism can change as the aspect ra-

Returning to the task of relating the aspect ratio to con+io increases. There are two ways the aspect ratio of the
vection mechanisms, the vertical component of velocity forliquid can change, either changing the radius or the height. In
both fluids is plotted for two different wave numbers, for a Fig. 7, the height of the silicone oil is fixed at 2 mm. There-
5-mm air height(Fig. 6). At a wave number ofv=1.9, Fig.  fore, Fig. 7 corresponds to a situation where the radius is
6(a) shows mostly a thermal coupling of the silicone oil andbeing changed. The next question that can be raised is the
following: why does changing the radius of the cylinder af-
fect the type of convection?

The change in the convection coupling as the aspect ratio
increases can best be explained by analyzing the Rayleigh
number versus aspect ratio plots for each fluid layer. The
Rayleigh number for each fluid is defined as

: algATldS
5 = ®)
K1V
]
-2 mm z 5 mm angTzdg
=22 @)
K2V

FIG. 6. Plot of the vertical component of velocity for a wave
number of 1.9 and 2.7(b). The depth of the silicone oil was 2 The temperature difference in each phas&, or AT,, is
mm, and the depth of the air was 5 mm.(l, »=1.9, and the air  calculated from the linear conduction state just prior to the
is mostly thermally coupled. Iiflb), =2.9, and the air is mostly onset of convection. As the width of the container increases,
viscously coupled. the aspect ratios of each layer increase. However, the energy
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FIG. 7. Plot of the Rayleigh number of the silicone oil vs the cylindrical aspect ratio. This plot was generated from Fig. 4 and the wave

number to aspect ratio conversion form{izg. (5)]. A depth of 2 mm of silicone oil and a 5-mm air height was assumed.

required to convect each layer changes with the aspect ratiber versus the wave number plots are generated for 6 mm of
and this could either increase for both, decrease for both atir and various depths of the silicone oil: 2.5, 3.0, and 3.5
increase for one and decrease for the other. This ambiguitphnm. In Fig. 8, the solid lines denote a case | interfacial
results because the critical Rayleigh number is a nonmongstructure, and the dotted lines denote a case Il interfacial
tonic function of the aspect ratio. In other words, increasingstructure. As was discussed in the Sec. I, case | indicates
the aspect ratio can easily cause the convection mechanisimterfacial tension gradient-driven convection, and case Il in-
to change—generating a situation like FigbJlfor one as-  dicates buoyancy-driven convection in the lower layer.

pect ratio and Fig. (t) for another. Other mechanisifisigs. For 3.0 mm of silicone oil, the interfacial structure
1(a), 1(d), and Xe)] are also possible, and depend on thechanges from case | to case Il at the critical wave number.
particular bilayer system being studied. When the silicone oil layer increases to 3.5 mm, the
. . . buoyancy-driven case |l interfacial structure becomes more
Changes in the interfacial structure unstable. When the silicone oil height decreases to 2.5 mm,

In the next set of calculations, a silicone oil-air bilayer the interfacial tension-driven case | interfacial structure be-
system was also chosen. In this exercise, the Rayleigh nuntomes more unstable. This is in qualitative agreement with
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FIG. 8. Plot of the Rayleigh number of the silicone oil vs the wave number for three different depths of the silicone oil. The solid lines

denote a case | interfacial structure, and the dotted lines denote a case |l interfacial structure. The air height is 6 mm.
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FIG. 9. Plot of the Rayleigh number of the silicone oil vs the aspect ratio. Solid lines denote a case | interfacial structure. Dotted lines
denote a case Il interfacial structure.

the physics. As the silicone oil layer increases, buoyancypatial pattern, then switches to a interfacial tension gradient-
forces become more dominant than interfacial tension gradidriven flow on the other side of the codimension-two point,
ent forces. As the silicone oil layer decreases, interfacial tenwith a different spatial pattern. For example, this can be seen

sion gradient forces become more dominant. at codimension-2 points with aspect ratios of 1.2 and 1.7.
When Fig. 8 is unfolded, the dominating driving force for
convection can change as the aspect ratio increases, and this Other observations in convection coupling

is depicted in Fig. 9. This is most pronounced at
codimension-2 points, where two flow patterns coexist. Typi-
cally, the change from one interfacial structure to the nextis In the last example the liquid-liquid bilayer glycerol-
quite gradual. The surface deflections slowly flatten as théilicone oil is examined. The thermophysical properties,
interfacial structure switches from case Il to case I. This canwhich are listed in Table IlI, are taken from ReL3]. In this

be seen around an aspect ratio of 0.9. At codimension-8ystem, switching between different convection mechanism
points, though, the switch from one interfacial structure toand three different interfacial structures can be seen.

the next can be abrupt. That is, on one side of the Figure 10 again gives a plot of the Rayleigh humber ver-
codimension-2 point, the fluid is buoyancy driven, with onesus wave number for a glycerol-silicone oil bilayer. Glyc-

and interfacial structure

1260 -
1240 Switch from Case I
Oscillating to Case Il
by Region .
8 1220 - gon .,
< 1200 4 S---
K=
2
>
1180 4
& / Case Il
1160 1 . Switch from Case II
to Casel
1140 : : - ¥ : :
.2.00 2.50 3.00 3.50 4.00 4.50 5.00

Wave Number

FIG. 10. Plot of the Rayleigh number of the glycerol vs the wave number. A 4.15-cm height of glycerol and a height of 3.0-cm silicone
oil were assumed.
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pling occurs when the upper fluid “initiates” convection,
causing the lower fluid to flow and convect in a gearlike
manner.

What seems somewhat peculiar is the case Il interfacial
structure at wave numbers betweer 3.4 and 3.8, while
the two fluids are viscously coupled. However, this can be
explained by the differences in the dynamic viscosities of the
: : two fluids. The dynamic viscosity of glycerol is about twice

i i that of the dynamic viscosity of the silicone oil. Even though
415 cm 0 3em 415 em 0 3em convection may begin to initiate in the silicone oil, the sili-
cone oil must overcome the higher dynamic viscosity of the
glycerol. Only when the silicone oil convection is much
more vigorous does it begin to deflect the interface down to
give a case Il interfacial structure. The case | interfacial
structure is a transitional structure between cases Il and Ill.

Unfolding Fig. 10 gives an extremely interesting and
complicated plot of the Rayleigh number versus the aspect
ratio (see Fig. 12 The dark lines represent viscous coupling,
erol, which has the larger density, lies below the layer ofthe thinner lines represent thermal coupling, and the dotted
silicone oil. The height of the glycerol is 4.15 cm, and thelines represent the oscnla_tory onset of convection. Four dif-
height of the silicone oil is 3.0 cm. For the calculations per-ferent flow patterns are given. _
formed, only steady and no Hopf bifurcations were analyzed. At different aspect ratios, the flow can be either thermally
The Rayleigh number was calculated, and when the imagigoupled, viscously coupled, or_oscnlatmg between thgse two
nary part of the Rayleigh number became nonzero, it wastates, at the onset of convection. Some of the most interest-
inferred that the onset of convection was oscillatory. While'd aspect ratios, however, occur at the codimension 2

for real values of the Rayleigh number the numbers are Corpomts. For example, the codimension-2 point around an as-

. pect ratio of 0.8 goes from a thermally coupled unicellular
rect, for complex values, the real part of the Rayleigh num- S (m=1,n=1), to a viscously coupled bimodal flown(

ber has no physical interpretation. The dotted lines in F|gs._2,n:1)_ There is a high probability that at these

10and 12 are regions W_here O.SC'”a.“O”S occur. This does NWdimension-2 points, nonlinear interactions will be very dy-
_change the qualitative discussion given bel_ow, ar_ld thereforg, mic. In the paper by Johnson and Narayafis, a dy-
it was felt that a full search for the Hopf bifurcations were o wic switching between an axisymmetnic=0 flow and a
unnecessary. _ _ bimodalm=2 flow was experimentally found in the slightly

A plot of the vertical component of velocity fab=2.7  gypercritical region, near a codimension-2 point. In that sys-
and 3.5 are given in Fig. 11. Fes=2.7, the convection is tem, only a single layer of silicone oil was used. Andereck
nearly thermal coupled, with a small counter-roll in the up-Colovas, and Degefi5] found oscillations between viscous
per fluid. Forw=3.5, the convection is viscously coupled. coupling and thermal coupling in a silicone oil-flourinert sys-
Indeed, as indicated by previous researchers, the oscillationsm. When these two phenomena are combined, a highly
in Fig. 10 are due to a competition between the thermal andscillatory state in the supercritical region is quite possible.
viscous coupling. Even more interesting dynamics may occur at codimension-2

The call-outs in Fig. 10 denote wave numbers at whichpoints such as the 1.1 aspect ratio. Here a codimension-2
the interfacial structure changes. For a wave number lesgoint is close to an oscillating bimodal flow and an oscillat-
than 3.8, the interfacial structure is case Il. Betwaen INng axisymmetric flow. Fujimura and Renar@y6] studied
=3.8 and 3.9, the interfacial structure is case I. For waveOnvection at a codimension-2 point between Hopf bifurca-
numbers greater tham= 3.9, the interfacial structure is case tions and steady b|fu'rcat|ons. Their paper was able to reveal
Ill. Here also the interfacial structure changes near the wavi1e Wealth of dynamics that can occur in these systems.
numbers where an oscillatory onset of convection occurs. One Important point must b.e considered k?efore the_se re-

Both the interfacial structures and the convection-SUIts are compared with experiments. As pointed out in the

coupling can be used to describe what is occurring in the M@Zﬁéﬁ %‘5 ?\Iu;)r);a;:ﬁé]w ?ﬁlédﬁ?dé?iﬁnv?/r:?c;nh?hpe)ar%eord%fs
liquids. For wave numbers smaller than the oscillatory re- Y '

, the two fluid v th I led and th appear as the aspect ratio is increased, is different for
gion, the two Tluids are nearly thermally coupied and evorticity—free sidewalls and no-slip sidewalls. Additionally,
interfacial structure is a case Il. As was described earlier,

) X _ #he Rayleigh numbers for the unfolded plots are not the same
case Il interfacial structure denotes buoyancy-driven convecsg those in a bounded calculation, especially for smaller as-
tion occurring in the lower layer. The hot plumes of the hact ratios. While the differences between vorticity-free side-
lower layer rise up and drive convection in the upper liquid, y|is and no-slip sidewalls are not to be ignored, the effects
creating a thermally coupled bilayer, with a small counter-o¢ aqpect ratios on convection mechanisms and interfacial

roll. For wave numbers much larger than the oscillatory re-yctures with realistic sidewall conditions are expected to
gion (0>3.9), the convection is viscously coupled, and thepe qyalitatively similar to the vorticity-free case.
interfacial structure is a case Il flow structure. For a case Il

interfacial structure, buoyancy-driven convection occurs
mostly in the upper layer. The cold, sinking fluid in the upper
layer pushes down and depresses the interface. In this study, Calculations performed for bilayer convection in laterally
the interfacial structure seems to indicate that viscous cownbounded geometries give a qualitative picture of the dif-

FIG. 11. Plot of the vertical components of velocity for 4.15 cm
of glycerol and 3.0 cm of silicone oil. Ifa), the two fluids are
thermally coupled, with a small counter roll in the upper layer,
=2.7. In (b), the two fluids are viscously coupled=3.5. The
vertical dotted line is the unperturbed interface.

IV. SUMMARY AND CONCLUSIONS
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FIG. 12. Plot of the Rayleigh number of the glycerol vs the aspect ratio. The plot is generated from Fig. 10 &é5)d &Aqjthe aspect
ratio changes, the convection switches from viscous coupling, to oscillatory flow, and to thermal coupling.

ferent ways in which convection can occur in a boundedvioreover, the onset of oscillations and sudden pattern
cylinder. These different types of bilayer convection dependhanges at codimension-two points were observed.
upon the layer in which the convection is the most dominant. All of this will have an impact on future studies where
The types of convection also depend upon how the layer thdiilayer convection is of importance. For example, a nonlin-
did not initiate convection responds to the layer that did ini-ear analysis of the bilayer systems should determine which
tiate convection. codimension-2 points give interesting oscillating behavior.
The hierarchy of convection mechanisms has been exfhe effects of bounded geometry on bilayer convection
plained both by looking at interfacial structures and also byshould lead to many exciting experiments. Experiments,
considering the perturbed temperature and velocity profilesvhere the onset of convection is unsteady and the Rayleigh
through the fluid layers. Specific examples of silicone oil-airnumbers in each fluid layer are comparable, ought to show
and glycerol-silicone oil have been used to exemplify themany of the phenomena discussed above.
arguments made. Having done this, the mechanisms of the The discovery of many of these oscillations will have
onset of convection in a bounded right circular cylinder waspractical applications in liquid-encapsulated crystal growth.
explained. Because the difficulty of the computations is deAs the lower liquid solidifies, the aspect ratio of the lower
termined by the sidewall conditions, it was assumed that théiquid and the depth ratios will change. Oscillatory convec-
vertical and tangential components of vorticity vanished ation ought to be seen when the lower liquid aspect ratio
the vertical sidewalls. This assumption allows the results ofeaches a codimension-2 point, and when the liquid depth
the unbounded case and the qualitative features as a functioatios are such that the buoyancy forces in each layer are
of the aspect ratio to be determined. It was observed that thequal. Oscillatory convection is of particular interest in crys-
aspect ratio did indeed affect the nature of the onset of cortal growth, as the fluctuating temperature continually melts,
vection. As the depths of the fluids were assumed constant, then solidifies, the crystal, creating defects in the crystal.
was apparent that the change in radius could affect the phys-
ics of_ the flow and flow st_ructures. This unus_ual result is ACKNOWLEDGMENTS
explained by the observation that a change in the radius
changes the aspect ratios of both fluid layers, and the energy The National Science FoundatiQ€TS 93-07819 and
required for each layer to convect changes differently withNASA (NGT 3-52320 are acknowledged for funding and
aspect ratio because of differing thermophysical propertiesupport.
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